Abstract. We consider a sheaf of exterior algebras on a simplicial poset S and introduce a notion of homological characteristic function. Two objects are associated with these data: a graded sheaf I and a graded cosheaf p Π. When S is a homology manifold, we prove the isomorphism H n´1´p pS; Iq -H p pS; p Πq which can be considered as an extension of the Poincare duality. In general, there is a spectral sequence E 2 p,q -H n´1´p pS; U n´1`q b Iq ñ H p`q pS; p Πq, where U˚is the local homology stack on S. This spectral sequence, in turn, extends Zeeman's spectral sequence in interpretation of McCrory. We apply these results to toric topology. Let X be an orientable manifold with locally standard action of a compact torus and acyclic proper faces of the orbit space. A principal torus bundle Y is associated with X and the orbit type filtration on X is covered by a topological filtration on Y . Then the second pages of homological spectral sequences associated with these two filtrations are isomorphic in many positions.
Introduction
An action of a compact torus T n on a smooth compact manifold M of dimension 2n is called locally standard if it is locally modeled by the standard representation of T n on C n . The orbit space of a local chart is isomorphic to a nonnegative cone C n {T n -tpx 1 , . . . , x n q P R n | x i ě 0u, thus the orbit space Q " M{T n of the whole manifold has a natural structure of manifold with corners. Points from interiors of k-dimensional faces of Q are the k-dimensional orbits of the action. For any face G of Q consider the stabilizer subgroup T G Ă T n of points in the interior of G. The mapping sending the face G to the toric subgroup T G is called characteristic data.
For any manifold M with locally standard torus action having the orbit space Q there exists a principal T n -bundle Y Ñ Q such that M is equivariantly homeomorphic to the identification space X " Y { ", where " identifies points over a face G Ă Q differing by the action of T G [13] . Thus any manifold with locally standard action is uniquely determined, up to equivariant homeomorphism, by three objects: a manifold with corners Q, a principal torus bundle Y over Q (these bundles are encoded by their Euler classes lying in H 2 pQ; Z n q), and characteristic data. For a manifold with corners Q consider the dual poset S Q . The elements of S Q are the faces of Q and the order is given by reversed inclusion. If Q is the orbit space of a manifold with locally standard action, then S Q is a simplicial poset (see Definition 2.1).
The description of topology of X in terms of the combinatorial data is difficult and, in general, far from being accomplished. The cohomology and equivariant cohomology rings are unknown and even Betti numbers haven't been explicitly calculated yet.
Nevertheless, there are several important particular cases which are known and well studied. If the orbit space Q is isomorphic to a simple polytope, the manifold X is called quasitoric. This particular case was introduced and studied in the seminal work of Davis and Januszkiewicz [6] and underlied the development of toric topology. Quasitoric manifolds are natural topological generalizations of smooth projective toric varieties. The reason which makes quasitoric manifolds feasible from topological viewpoint is that the orbit space has trivial topology (the convexity happens to be not so important).
This setting may be generalized to the case when all faces of Q are acyclic. This situation is very close to toric varieties or quasitoric manifolds and the answer is also very similar [8] :
HTnpX; Zq -ZrS Q s;
H˚pX; Zq -ZrS Q s{pθ 1 , . . . , θ n q, where ZrS Q s is the face ring of the simplicial poset S Q and pθ 1 , . . . , θ n q is a regular sequence of degree 2 in ZrS Q s, determined by the characteristic data. There are several papers where the calculation of topological invariants was performed for more general examples. In [1] we proved that whenever all proper faces of Q are acyclic and Y Ñ Q is a trivial bundle, the equivariant cohomology ring is represented as a direct sum (as rings and as modules over H˚pBT n ; Zq):
HTnpX; Zq -ZrS Q s ' H˚pQ; Zq.
We also calculated Betti numbers and partly described the ring structure of H˚pX, Zq when X is an orientable toric origami manifold with acyclic proper faces of the orbit space. This is a very restricted class of manifolds with locally standard actions, but even in this case many interesting phenomena sprang up. Betti numbers of 4-dimensional toric origami manifolds without any restrictions on proper faces were calculated in [7] . The cohomology rings of 4-dimensional manifolds whose orbit spaces are polygons with holes were described in [12] . In [13] Yoshida introduced the cohomological spectral sequence converging to H˚pX; Zq for any X, but generally this spectral sequence does not quickly collapse, so it is difficult to extract any explicit information, such as Betti numbers, from it. This approach requires an extra effort to obtain a concrete result. However, for some particular choices of X this extra effort can be done.
In this paper we study the homological structure of a manifold X, and related objects, using the filtration of X by orbit types
Here X i is the union of all T n -orbits of dimension at most i, so dim X i " 2i. This filtration induces a spectral sequence pE X q r p,q ñ H p`q pXq, where pE X q 1 p,q -H p`q pX p , X p´1 q. By dimensional reasons, pE X q r p,q " 0 for p ă q and r ě 1. There is a natural topological filtration of Y which covers the orbit type filtration of X, and the map f : Y Ñ X induces the map of homological spectral sequences
If the proper faces of Q are acyclic, we prove that the map f 2 is an isomorphism for p ą q. Thus every entry of pE X q r p,q away from the diagonal is known, at least if the structure of pE Y q 2 p,q is known. To prove the above-mentioned isomorphism (Theorem 5.2), we place the maps
p,q into a long exact sequence and show that certain intermediate terms of this sequence vanish. These intermediate terms are the cohomology modules H˚pS Q ; Iq of a graded sheaf I on S Q , whose values are the ideals in the homology algebra H˚pT n q generated by the vector subspaces H 1 pT G q Ă H 1 pT n q. The vanishing of these sheaf cohomology in certain degrees is the most nontrivial and essential part of the work. It follows from the duality:
(Theorem 3.5) which holds for the homology manifold S Q and extends the Poincare duality H n´1´i pS Q ; kq -H i pS Q ; kq. Here p Π is a cellular cosheaf on S Q whose value on a face G Ă Q is the ideal in H˚pT n q generated by the volume form of the submodule H˚pT G q Ă H˚pT n q. We study this duality in a broader and quite natural setting. For a simplicial poset S there exists a Zeeman-McCrory spectral sequence pE ZM q r p,q . It converges to the homology of S, and its second page is the cohomology of local homology stacks U˚on S. If S is a manifold, this sequence collapses at a second page and gives a standard proof of the Poincare duality. Thus Zeeman-McCrory spectral sequence can be roughly considered as a generalization of Poincare duality to non-manifolds.
We prove that there is a spectral sequence, starting with H˚pS; U˚b Iq and converging to H˚pS; p Πq (Theorem 3.4). For homology manifolds it collapses to the isomorphism (1.3).
The work is organized as follows. In Section 2 we review the basic notions: simplicial posets, sheaves, cosheaves, and Zeeman-McCrory spectral sequence. The word "sheaf" will always mean "a sheaf over a finite poset". It is not used in its broadest topological sense, but rather replaces the term stack or local coefficient system. In Section 3 we introduce the notion of homological characteristic function, define two objects associated with this object: the sheaf I, and the cosheaf p Π, and formulate Theorems 3.4 and 3.5, proving the duality (1.3). Theorem 3.4 is proved in Section 4, and Theorem 3.5 follows as its particular case. Preliminaries on manifolds with locally standard actions are given in Section 5. We introduce topological filtrations on Q, X, and Y , and formulate Theorem 5.2, which states that modules pE X q r p,q are isomorphic to pE Y q 2 p,q for p ą q. Section 6 is devoted to the proof of Theorem 5.2; there we explain the connection of manifolds with torus actions and the sheaf-theoretical part of the work. 
For simplicial poset S a "sign convention" can be chosen. It means that we can associate an incidence number rJ : Is "˘1 with any pair
for any combination (2.1). The choice of sign convention is the same as orienting each simplex in S. We fix an arbitrary sign convention and use it in the following considerations.
Notice that the set of simplices of any finite simplicial complex obviously forms a simplicial poset. Thus the notion of simplicial poset is a straightforward generalization of abstract simplicial complex.
For I P S consider the following subset of S:
called the open star of I. It is easily seen that Sz stS I is a simplicial subposet of S.
We also define the link of a simplex I P S:
This set inherits the order relation from S, and lk S I is a simplicial poset with respect to this order, with the minimal element I. The reason why we used to different notation for the same thing is that it is convenient to distinguish between stS I, which is considered as a subset of S (but not a subposet!), and lk S I, which is considered as a simplicial poset on its own (and which is, in general, not included in S as a subposet in any meaningful way). Note that lk S0 " S. Let S 1 be the barycentric subdivision of S. By definition, S 1 is a simplicial complex on the set Sz0 whose simplices are the chains of elements of S. By definition, the geometric realization of S is the geometric realization of its barycentric subdivision |S| def " |S 1 |. One can also think of |S| as a CW-complex with simplicial cells. Such topological models of simplicial posets were called simplicial cell complexes and were studied in [3] .
A poset S is called pure if all its maximal elements have equal dimensions. A poset S is pure whenever S 1 is pure. In the following k denotes the ground ring; it may be either a field or the ring of integers. The (co)homology of simplicial poset S mean the (co)homology of its geometrical realization |S|. If the coefficient ring in the notation of (co)homology is omitted, it is supposed to be k.
Remark 2.3. By [11, Sec.6] , S is Buchsbaum whenever r H i plk S I; kq " 0 for all0 ‰ I P S and i ‰ n´1´|I|. Similarly, S is Cohen-Macaulay whenever r H i plk S I; kq " 0 for all I P S and i ‰ n´1´|I|. One can easily check that whenever S is Buchsbaum and connected, then S is pure. In the following only pure simplicial posets are considered.
Cellular sheaves.
Let MOD k be the category of k-modules. The notation dim V is used for the rank of a k-module V .
Each simplicial poset S determines a small category CATpSq whose objects are the elements of S and the morphisms are the inequalities I ď J. A cellular sheaf [5] (or a stack [10] , or a local coefficient system elsewhere) on S is a covariant functor A : CATpSq Ñ MOD k . We simply call A a sheaf on S and hope this will not lead to a confusion, since other meanings of this word do not appear in the paper. The maps ApJ 1 ď J 2 q are called restriction maps. The cochain complex pC˚pS; Aq, dq is defined as follows:
The sign convention (2.2) implies that d 2 " 0. Thus pC˚pS; Aq, dq is a differential complex. Define the cohomology of A as the cohomology of this complex:
Remark 2.4. Cohomology of A defined this way coincide with any other meaningful definition of cohomology. For example the derived functors of the functor of global sections give the same groups as (2.3) (refer to [5] for a broad exposition of this subject).
A sheaf A on S can be restricted to a simplicial subposet L Ă S. The complexes pC˚pL, Aq, dq and pC˚pS; Aq{C˚pL; Aq, dq are defined as usual. The latter complex gives rise to a relative version of sheaf cohomology: H˚pS, L; Aq.
Remark 2.5. It is standard in topological literature to consider cellular sheaves which do not take values on0 P S, since in general this element does not have a geometrical meaning. However, this extra value Ap0q will be important in the considerations of Section 6. Therefore the cohomology group may be nontrivial in degree´1 " dim0. If a sheaf A is defined on S, then we can consider its truncated version A which coincides with A on Szt0u and vanishes on0.
The notions of maps, (co)kernels, (co)images, tensor products of sheaves over S are defined in an obvious componentwise manner. For example, if A and B are two sheaves on S, then A b B is a sheaf on S with values pA b BqpIq " ApIq b BpIq and restriction maps pA b BqpI ď Jq " ApI ď Jq b BpI ď Jq. In the realm of finite simplicial posets the distinction between "sheaves" and "presheaves" vanishes, which makes things simpler than they are in algebraic geometry. Example 2.6. Let W be a k-module. By abuse of notation let W denote the globally constant sheaf on S. It takes the constant value W on I ‰0 and vanishes on0. All nontrivial restriction maps are identity isomorphisms. If W is torsion-free, we have H˚pS; W q -H˚pS; kq b W by the universal coefficients formula.
Example 2.7. A locally constant sheaf valued by W P MOD k is a sheaf W which satisfies Wp0q " 0, WpIq -W for I ‰0 and all nontrivial restriction maps are isomorphisms (but may be not identity isomorphisms).
Example 2.8. Following [10] , define i-th local homology sheaf U i on S by setting U i p0q " 0 and
for J ‰0. The restriction maps U i pJ 1 ă J 2 q are induced by inclusions of subsets stS J 2 ãÑ stS J 1 . Standard topological arguments imply that a simplicial poset S is Buchsbaum if and only if U i " 0 for i ‰ n´1 (see also Remark 2.16 below).
Definition 2.9. Buchsbaum simplicial poset S is called homology manifold (orientable over k) if its local homology sheaf U n´1 is isomorphic to the constant sheaf k.
S is an orientable homology manifold if and only if its geometrical realization is an orientable homology manifold in a usual topological sense.
Cosheaves. A cellular cosheaf [5] is a contravariant functor p
A : CATpSq op Ñ MOD k . The homology of a cosheaf are defined similar to the cohomology of a sheaf:
Example 2.10. Each locally constant sheaf W on S determines the locally constant cosheaf x W by inverting all maps, i.e. x WpIq -WpIq and x WpI ą Jq " pWpJ ă Iqq´1.
Remark 2.11. Notice that the notation H˚pS; kq can mean either the homology of the geometric realization |S| or the homology of a globally constant cosheaf k on S. Obviously these two meanings are consistent, and the same for cohomology of a constant sheaf.
Coskeleton filtration and dual faces.
In the following we suppose that S is pure and dim S " n´1.
Construction 2.12. Let us recall the construction of coskeleton filtration on |S|. Consider the barycentric subdivision S 1 of the pure simplicial poset S. By definition, S 1 is a simplicial complex on the set Sz0 and k-simplices of S 1 have the form pI 0 ă I 1 ă . . . ă I k q, where I i P Sz0. For each I P Szt0u consider the subcomplex of the barycentric subdivision:
and the subsets
It is easily seen that dim G I " n´1´dim I since S is pure. We have G I Ă G J whenever J ă I. The complex G I (or its geometrical realization |G I |) is called the face or the pseudocell of |S| dual to I P S. The boundary BG I of a face G I is the union of some faces of smaller dimensions.
Let
and the corresponding topological filtration
are called the coskeleton filtrations of S 1 and |S| respectively [10] .
For a pair I 1 ă J P S consider the map:
where the first map is the connecting homomorphism in the long exact sequence of homology for the pair pG I , BG I q, and the last isomorphism is due to excision. The homology spectral sequence associated with filtration (2.6) runs
The first differential pd S q 1 is the sum of the maps m q I,J over all pairs I 1 ă J, I, J P S.
Construction 2.13. Given a sign convention on S, for each q consider the sheaf H q on S given by H q pIq " H q`dim G I pG I , BG I q for I ‰0, and H q p0q " 0. For neighboring simplices I Lemma 2.14. The map H q pI ă Jq thus defined does not depend on a choice of saturated chain between I and J.
Proof 
It is isomorphic to the homological spectral sequence, associated with the coskeleton filtration of |S|.
For us, however, it will be more convenient to work with structure sheaves Hr ather than local homology sheaves U˚. For a Buchsbaum simplicial poset the sheaf H i vanish for i ‰ 0. Thus pE ZM q 2 p,q " 0 for q ‰ 0 and the spectral sequence collapses at the second page inducing the isomorphism
When S is an orientable homology manifold, this gives a Poincare duality isomorphism H n´1´p pS; kq -H p pS; kq.
Corefinements of sheaves.
In this section we develop a technical notion which will be used further in the proofs.
Let A be a sheaf on S. Define a cosheaf p A 1 on the barycentric subdivision S 1 by
with corestriction maps determined naturally by restriction maps of A:
We call p A 1 a corefinement of a sheaf A. The faces G I and their boundaries BG I are the simplicial subcomplexes of S 1 so one can restrict p A 1 to them. Next lemma follows easily from the definitions. Lemma 2.18.
Similar to (2.7) there is a map
These maps allow to define new sheaves A q on S by setting A q pIq " H q`dim G I pG I , BG I ; p A 1 q with restriction maps defined similar to Construction 2.13. 
Lemma 2.19. If ApIq is torsion-free for all I P S, then there exist natural isomorphisms
H r pG I , BG I ; p A 1 q -H r pG I , BG I ; kq b ApIq.
Exterior algebras and characteristic functions
Let V be a free k-module of dimension N. Let ΛrV s denote the free exterior algebra generated by V , that is the quotient of a free tensor algebra T rV s by the relations v b v " 0 for all v P V . The algebra ΛrV s is graded by degrees of exterior forms.
Definition 3.1. Let us fix a simplicial poset S and a locally constant sheaf V on S. A collection of vectors tω i P Vpiq | i P VertpSqu is called a homological k-characteristic function if it satisfies the following p˚kq-condition:
For each simplex I P Sz0 whose vertices are i 1 , . . . , i k , the vectors
are linearly independent over k and span a direct summand in VpIq.
For a locally constant sheaf V on S, valued by the vector space V , consider the sheaf L " ΛrVs of graded exterior algebras generated V. This means that LpIq " ΛrVpIqs, and LpI ď Jq is an isomorphism of graded exterior algebras generated by the isomorphism VpI ď Jq : VpIq Ñ VpJq in degree one levels. Let p L denote the locally constant cosheaf of exterior algebras corresponding to a sheaf L (see Example 2.10).
Let tω i P Vpiq | i P VertpSqu be a homological characteristic function. If i is a vertex of a simplex I, then the restriction map Vpi ď Iq sends the vector ω i P Vpiq to some vector in VpIq. By abuse of notation we denote the target vector by the same letter ω i . So far the definition of homological characteristic function implies that the set tω i 1 , . . . , ω i k u freely spans a direct summand of VpIq whenever i 1 , . . . , i k are vertices of I. Note, that LpIq is an exterior algebra generated by VpIq, so the vectors ω i can be considered as linear forms in LpIq. Construction 3.2. Consider a subsheaf I Ă L, defined as follows. For a simplex I with vertices i 1 , . . . , i k we set the value of I on I to be the ideal of LpIq, generated by the linear forms:
It is easily seen that whenever I ď J, the restriction map LpI ď Jq sends the ideal IpIq generated by the smaller set of elements into the ideal IpJq generated by the larger set of elements. Thus the restriction maps of the sheaf I are induced from those of L and are well defined. Construction 3.3. Let us define another type of ideals associated with a characteristic function.
Let J " ti 1 , . . . , i k u be a nonempty subset of vertices of a simplex I P S. Consider the element π J P LpIq " p LpIq, π J " Ź iPJ ω i . By the definition of characteristic function, the elements tω i | i P Ju are linearly independent, thus π J is a non-zero form of degree |J|. Let Π J Ă LpIq be the principal ideal generated by π J . The restriction maps LpI ă I 1 q (and corestriction maps p 
which respects the inner gradings of I and p Π.
If S is Buchsbaum, the spectral sequence of Theorem 3.4 collapses at a second page and implies Let I pqq , p Π pqq denote the homogeneous parts of inner degree q of the corresponding sheaves I, p Π.
Corollary 3.7 (Key corollary). If S is a Buchsbaum simplicial poset, then
Proof. By Theorem 3.5, it is sufficient to prove that H j pS; p Π p" 0 for j ě q.
The ideal p
ΠpIq " Π I is generated by the element π I of degree |I| " dim I`1. Thus Π pqq I " 0 for q ď dim I. Hence the corresponding part of the chain complex vanishes, and the homology in these degrees vanish as well. ΠpIq. Thus the isomorphism of Theorem 3.5, when restricted to the top degree, gives the Poincare duality:
The restriction of the spectral sequence of Theorem 3.4 to the top degree gives the Zeeman-McCrory spectral sequence in a similar way.
Proof of Theorem 3.4
The idea of proof is the following. We construct a filtered double differential complex X k,l and then play with various spectral sequences converging to its total homology.
Before we proceed we need a small technical lemma. Let J P S. If i is a vertex of J, we have a map η i : Π i ãÑ IpJq, which includes the ideal Π i generated by a linear form ω i into the ideal IpJq generated by a larger set of linear forms.
Consider the sequence of maps
where η is the direct sum of the maps η i over i P VertpSq, i ď J; and ξ is the direct sum of inclusion maps Π I ãÑ Π I 1 , each rectified by the incidence sign rI : I 1 s. The sign convention obviously implies that (4.1) is a differential complex. But what is more important,
Proof. This is very similar to the Taylor resolution of monomial ideal in commutative polynomial ring (or Koszul resolution), but our situation is a bit different, since Π I are not free modules over Λ. Anyway, the proof is similar to commutative case: exactness of (4.1) follows from inclusion-exclusion principle. To make things precise (and also to tackle the case k " Z) we proceed as follows.
By p˚kq-condition, the subspace xω j | j P Jy is a direct summand in V -k N . Let tν 1 , . . . , ν N u be a basis of V such that its first |J| vectors are exactly ω j , j P J. We simply identify J with the subset t1, . . . , |J|u Ď rNs by abuse of notation. The module ΛrV s splits in multidegree components: Λ " À AĎrNs Λ A , where Λ A is a 1-dimensional k-module generated by Ź iPA ν i . All modules and maps in (4.1) respect this splitting. Thus (4.1) can be written as
For each A, the homology of the complex in brackets coincides with r H˚p∆ AXJ ; Λ A qr H˚p∆ AXJ ; kq, the reduced simplicial homology of the simplex on the set A X J ‰ H. Thus homology vanishes.
Let us define a cosheaf N on S taking values in graded differential complexes. We set N pIq " C˚pG I ; Π I q, the simplicial chains of the simplicial complex G I . The corestriction maps N pI ą Jq are naturally induced by inclusions of faces G I ãÑ G J and inclusions of coefficient modules p ΠpI ą Jq : Π I ãÑ Π J .
The chain complex
Proof. Consider the vertical spectral sequence [9] converging to H k pX , d T ot q:
, which at first computes vertical homology, then horizontal. We have
Since G I is contractible, H l pG I ; Π I q " 0 for l ‰ 0 and H 0 pG I ; Π I q " Π I . Thus
The spectral sequence collapses at the second page, thus H k pX , d T ot q -H k pS; p Πq.
Our next goal is to compute the homology of totalization by first computing the horizontal homology, then vertical. Recall that G I is a simplicial subcomplex of S 1 , so the module C˚pG I ; Π I q is considered as the chain complex of the constant cosheaf Π I . Let the cosheaf p I 1 be the corefinement of the sheaf I (recall this notion from subsection 2.6). Proof. Since all the maps C˚pG I ; Π I q Ñ C˚pG I ; Π I q are induced by inclusions of simplicial subcomplexes, the sequence (4.2) decomposes as the direct sum over all simplices ∆ " pI 1 ă . . . ă I k q P S 1 :
Since the condition ∆ P G I is equivalent to I 1 ě I, and by the definition of corefinement p I 1 , the expression in brackets is equal to
This sequence is exact by Lemma 4.1
Let us return to the double complex X and consider its horizontal spectral sequence
which computes horizontal homology first, then vertical.
Proof. By Lemma 4.3 the horizontal homology of X vanishes except in degree k " 0, where it is isomorphic to C˚pS
The spectral sequence collapses and the statement follows.
Finally, we make use of the coskeleton filtration on S 1 . Proof. Consider the spectral sequence associated with the coskeleton filtration of S 1 for the coefficient system p
We have 
Therefore, E 5. Manifolds with locally standard torus actions 5.1. Orbit spaces. Let T n be a compact n-dimensional torus. The standard representation of T n is a representation T n ñ C n by coordinate-wise rotations, i.e. pt 1 , . . . , t n q¨pz 1 , . . . , z n q " pt 1 z 1 , . . . , t n z n q,
An action of T n on a (compact connected smooth) manifold M 2n is called locally standard, if M has an atlas of standard charts, each isomorphic to a subset of the standard representation. More precisely, a standard chart on M is a triple pU, f, ψq, where U Ă M is a T
n -invariant open subset, ψ is an automorphism of T n , and f is a ψ-equivariant homeomorphism f : U Ñ W onto a T n -invariant open subset W Ă C n (i.e. f pt¨yq " ψptq¨f pyq for all t P T n , y P U). The orbit space C n {T n of the standard representation is the nonnegative cone R n ě " tx P R n | x i ě 0u. Thus an orbit space of a locally standard action obtains the structure of compact connected n-dimensional manifold with corners. Recall that a manifold with corners is a topological space locally modeled by open subsets of R n ě with the combinatorial stratification induced from the face structure of R n ě (details relevant to the study of torus actions can be found in [4] or [13] ).
Characteristic functions. Let Q " M{T
n be the orbit space of a locally standard action. Let FacpQq denote the set of facets (i.e. faces of codimension 1). Every face F of codimension k lies in exactly k distinct facets of Q (such manifolds with corners are called nice in [8] or manifolds with faces elsewhere). Consider the set S Q of all faces of Q, including Q itself, and define the order on S Q by reversed inclusion. Since Q is nice, S Q is a simplicial poset. The minimal element of S Q is the maximal face, that is the space Q itself. The facets of Q correspond to the vertices of S Q . For convenience we denote abstract elements of S Q by I,J, etc. and the corresponding faces of Q will be denoted by F I , F J , etc.
If F P FacpQq and x is a point from interior of F , then the stabilizer of x, denoted by λpF q, is a 1-dimensional toric subgroup in T n . If F I is a codimension k face of Q, contained in the facets F 1 , . . . , F k P FacpQq, then the stabilizer of an orbit x P FI is the k-dimensional torus T I " λpF 1 qˆ. . .ˆλpF k q Ă T n , where the product is free inside T n . This puts a specific restriction on subgroups λpF q, F P FacpQq. In general, the map
is called a characteristic function, if, whenever the facets F 1 , . . . , F k have nonempty intersection, the map
induced by inclusions λpF i q ãÑ T n , is injective and splits. This condition is called p˚q-condition. Notice, that F 1 , . . . , F k have nonempty intersection whenever the corresponding vertices of S Q are the vertices of some simplex.
From the p˚q-condition follows that the map
is also injective and splits for any ground ring k. Thus the homology classes ω 1 , . . . , ω k of subgroups λpF 1 q, . . . , λpF k q freely span a direct summand in H 1 pT n ; kq. This motivates the definition of homological characteristic function given in Section 3. Surely, the exterior algebra ΛrV s generated by a k-module V has a clear meaning of the whole homology algebra of a torus: ΛrH 1 pT n ; kqs -H˚pT n ; kq. If the function (5.1) satisfies (5.2) for some specific ground ring k, we say that λ satisfies p˚kq-condition. It is easy to see that the topological p˚q-condition is equivalent to p˚Zq, and that p˚Zq implies p˚kq for any k.
Model spaces.
Let M be a manifold with locally standard action and µ : M Ñ Q be the projection to the orbit space. The free part of the action has the form µ| Q˝: µ´1pQ˝q Ñ Q˝, where Q˝" QzBQ is the interior of the manifold with corners. The free part is a principal torus bundle over Q˝. It can be uniquely extended over Q and defines a principal T n -bundle ρ : Y Ñ Q. Therefore any manifold with locally standard action determines three objects: the nice manifold with corners Q, the principal torus bundle ρ : Y Ñ Q, and the characteristic function λ. One can recover the manifold M from these data by the following standard construction.
Construction 5.1 (Model space). Let ρ : Y Ñ Q be a principal T n -bundle over a nice manifold with corners Q and λ be a characteristic function on FacpQq. Consider the space X def " Y { ", where y 1 " y 2 if and only if ρpy 1 q " ρpy 2 q P FI for some face F I of Q, and y 1 , y 2 lie in the same T I -orbit of the action. There exists a natural T n -equivariant map f : Y Ñ X.
Every manifold with locally standard torus action is equivariantly homeomorphic to its model ([13, Cor.2]), so in the following we will work with X instead of M.
Filtrations.
Since Q is a manifold with corners, there is a natural filtration on Q:
where Q i is the union of all faces of dimension ď i. It lifts to the T n -invariant filtration on Y :
where Y i " ρ´1pQ i q. This in turn descends to the filtration on X:
It is easily seen that (5.5) is the filtration of X by orbit types, i.e. X i is the union of all orbits of dimension at most i. We have dim X i " 2i. The maps µ : X Ñ Q, ρ : Y Ñ Q and f : Y Ñ X preserve the filtrations. The filtrations give rise to homological spectral sequences. In the following we also need the spectral sequence associated to the filtration of Q truncated at Q n´1 " BQ: # H p`q pQ p , Q p´1 q for p ă n, 0, for p " n ñ H p`q pBQq.
Note that pE X q p,q is an isomorphism for q ă p or q " p " n, and injective for q " p ă n.
Proof of Theorem 5.2
At first we prove a technical lemma which is extremely useful when one passes from the topology of Q to the topology of its underlying simplicial poset S Q .
For a poset S consider a space P " Cone |S|. A coskeleton filtration of S extends to the coskeleton filtration of P : |S 0 | Ă . . . Ă |S n´1 | " |S| Ă P, Lemma 6.5. There exists a short exact sequence of graded sheaves
